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Geometric quantum discord and non-Markovianity of structured reservoirs
Ming-Liang Hu∗ and Han-Li Lian
School of Science, Xi’an University of Posts and Telecommunications, Xi’an 710061, China
The reservoir memory effects can lead to information backflow and recurrence of the previously lost quantum
correlations. We establish connections between the direction of information flow and variation of the geo-
metric quantum discords (GQDs) measured respectively by the trace distance, the Hellinger distance, and the
Bures distance for two qubits subjecting to the bosonic structured reservoirs, and unveil their dependence on a
factor whose derivative signifies the (non-)Markovianity of the dynamics. By considering the reservoirs with
Lorentzian and Ohmic-like spectra, we further demonstrated that the non-Markovianity induced by the back-
flow of information from the reservoirs to the system enhances the GQDs in most of the parameter regions. This
highlights the potential of non-Markovianity as a resource for protecting the GQDs.
PACS numbers: 03.65.Ud, 03.65.Ta, 03.67.Mn
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I. INTRODUCTION
Quantum correlations occupy an important position in un-
derstanding fundamental characteristics of a quantum system.
For this reason, they remain the research focus of people from
the early days of quantum mechanics to now. Today, when we
mention to quantum correlations, we know that in addition to
entanglement [1], the concept of quantum discord constitutes
another representative class of quantum correlation measure
[2]. The related studies on this subject are mainly carried out
around its quantification, its particular behaviors, and the con-
trol of it in various quantum systems [3]. Particularly, there
has been an increasing interest of people on quantifying quan-
tum discord from different perspectives, and to date there are
a number of discord-like correlation measures being proposed
[2, 4–9]. On the other hand, the behaviors of quantum discord
in the spin chain [10], the two-level atoms [11], and the NMR
system [12] have also been studied extensively.
From an applicative point of view, quantum discord is an in-
valuable resource for implementing many quantum tasks [13–
18]. But it is very fragile, and the unavoidable interaction of
a realistic system with its environment leads to irretrievable
deterioration of the correlations in most cases [19–24]. This
makes understanding of the connection between the environ-
mental effects and evolution of quantum discord a vital prob-
lem. In fact, many studies have already been performed in this
respect, and there were evidence indicating that sometimes the
non-Markovian character of an environment may serve as a re-
source for protecting quantum discord from being destroyed
completely [25–28]. It has also been observed that with elab-
orately chosen spectrum of the reseroir, the quantum discord
can be frozen for an interval of time [22, 29] or be frozen per-
manently [30].
Although it is evident that sometimes the non-Markovianity
can be used to enhance quantum discord of a system to some
extent, we must to say that this is not always the case [30–32].
Searching a general connection between non-Markovian char-
acter of an environment and the variation tendency of quan-
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tum discords is still an open subject in the quest for reliable
ways to protect them. Toward that end, in this paper we estab-
lish an explicit dependence of the geometric quantum discords
(GQDs) [6–9] of a two-qubit system on non-Markovianity of
the zero-temperature bosonic structured reservoirs, and unveil
the connections between the direction of information flow and
enhancement of the GQDs for different initial states. Actu-
ally, with the rapid developments of the reservoir engineering
technique [33–35], nowadays it is feasible to adjust experi-
mentally frequency distribution of a reservoir to the desired
regime such that the decay time for the quantum discord can
be prolonged, provided that we know the explicit dependence
of it on spectral density distribution of the reservoir.
The structure of this paper is arranged as follows. In Sec. II
we recall briefly measures of the GQDs, while in Sec. III the
model for the system-reservoir coupling is presented. Sec. IV
is devoted to a derivation of the GQDs and their dependence
on a reservoir-determined factor. Then in Sec. V, we illustrate
via two explicit examples our main findings. Finally, Sec. VI
is devoted to a summary.
II. MEASURES OF THE GQD
There are many discord measures being proposed until now.
We recall here three measures of the GQD. They are defined,
respectively, by the trace distance, the Hellinger distance, and
the Bures distance [6–9]. For simplicity, we will call them the
trace distance discord (TDD), the Hellinger distance discord
(HDD), and the Bures distance discord (BDD).
To begin with, we list some notations we used. We denote
by ρ the density operator of a bipartite system AB, and Ω0 =∑
k pkΠ
A
k ⊗ ρBk the set of zero-discord states [5], with ΠAk
the orthogonal projector in the Hilbert space HA, and ρBk an
arbitrary density operator inHB , 0 ≤ pk ≤ 1 and
∑
k pk = 1.
Moreover, ||X ||p = [Tr(X†X)p/2]1/p is the Schatten p-norm,
which reduces to the trace norm for p = 1, and the Hilbert-
Schmidt norm for p = 2.
The first GQD measure we considered is the well-accepted
TDD. Its definition is as follows [6]
DT(ρ) = min
χ∈Ω0
‖ ρ− χ ‖1, (1)
2and for the two-qubit states ρX with the X-shaped matrix form
(i.e., ρX contains nonzero elements only along the main diag-
onal and anti-diagonal), the TDD can be obtained analytically
[36]. Particularly, for a restricted subset of ρX with elements
ρX14,41 = 0, we have [36]
DT(ρ
X) = 2|ρX23|. (2)
The second GQD measure is the HDD, which is a modified
version of the earliest proposed GQD [5]. It reads [7]
DL(ρ) = 2min
ΠA
‖ √ρ−ΠA(√ρ) ‖22, (3)
where the minimum is taken over ΠA = {ΠAk }, with
ΠA(
√
ρ) =
∑
k
(ΠAk ⊗ IB)
√
ρ(ΠAk ⊗ IB), (4)
and IB is the identity operator in HB . Particularly, if we are
restricted to the (2× n)-dimensional ρ, Eq. (3) yields [8]
DL(ρ) = 1− λmax{WAB}, (5)
where λmax{WAB} is the maximum eigenvalue of the matrix
WAB whose elements are given by
(WAB)ij = Tr{√ρ(σAi ⊗ IB)
√
ρ(σBj ⊗ IB)}, (6)
with σS1,2,3 (S = A,B) the three Pauli operators.
Finally, we recall the GQD measure of BDD, which is de-
fined as [9]
DB(ρ) =
√
(2 +
√
2)[1− max
χ∈Ω0
√
F (ρ, χ)], (7)
with F (ρ, χ) = [Tr(√ρχ√ρ)1/2]2, and for the special case of
(2×n)-dimensional state ρ, Fmax(ρ, χ) = maxχ∈Ω0 F (ρ, χ)
simplifies to [37]
Fmax(ρ, χ) =
1
2
max
||~u=1||
(
1− TrΛ + 2
nB∑
k=1
λk(Λ)
)
, (8)
with λk(Λ) being the eigenvalues of Λ =
√
ρ(~u ·~σA⊗IB)√ρ
arranged in non-increasing order, nB = dimHB , and ~u a unit
vector in R3.
III. THE MODEL
We consider in this paper two noninteracting qubits denoted
by S = A and B. Each of them coupled locally to their inde-
pendent zero-temperature bosonic reservoir. The Hamiltonian
of the “qubit plus reservoir” subsystem reads [38]
Hˆ = ω0σ+σ− +
∑
k
ωkb
†
kbk +
∑
k
(gkbkσ+ +H.c.), (9)
with ω0 being the transition frequency of the qubit, and σ± the
raising and lowering operators. bk and b†k are the annihilation
and creation operators for the field mode k with frequency ωk
and the system-reservoir coupling constant gk.
When the initial state of each qubit with its reservoir is in a
product form, the evolution of the reduced density matrix for
qubit S is known to be described by [38]
ρ˙S(t) = −iΩ(t)
2
[σ+σ−, ρ
S(t)] +
Γ(t)
2
[2σ−ρ
S(t)σ+
−{σ+σ−, ρS(t)}], (10)
where the time-dependent factors Γ(t) and Ω(t) are as follows
Γ(t) = −2Re
[
p˙(t)
p(t)
]
, Ω(t) = −2Im
[
p˙(t)
p(t)
]
, (11)
with Re[x] and Im[x] representing, respectively, the real and
imaginary parts of x, while p(t) obeys the integro-differential
equation [39]
p˙(t) + iω0p(t) +
∫ t
0
p(t1)f(t− t1)dt1 = 0, (12)
where the correlation function f(t− t1) is related to the spec-
tral density J(ω) of the reservoir via
f(t− t1) =
∫
dωJ(ω)e−iω(t−t1). (13)
From Eq. (10) one can show that the reduced density matrix
ρS(t) for qubit S takes the form [39]
ρS(t) =
(
ρS11(0)|p(t)|2 ρS10(0)p(t)
ρS01(0)p
∗(t) 1− ρS11(0)|p(t)|2
)
, (14)
with ρSij(0) = 〈i|ρS(0)|j〉, and {|1〉, |0〉} the standard basis.
If we further define q(t) = |p(t)|2, then the decay rate Γ(t)
in Eq. (11) turns out to be
Γ(t) = − q˙(t)
q(t)
, (15)
whose sign is determined solely by the slope of q(t), namely,
by q˙(t) = ∂q(t)/∂t.
The sign of Γ(t) is also intimately related to the direction
of information flow between the system and the reservoir [40–
43]. If Γ(t) is always positive, i.e., Γ(t) > 0 in the whole time
region, the evolution process is said to be Markovian, and the
information flows from the system into the reservoir. On the
other hand, it is non-Markovian if Γ(t) takes on negative val-
ues within certain time intervals, and now there are temporary
information backflow from the reservoir to the system. By the
way, as the energy ε(t) = Tr[ρS(t)HS ] (HS = ω0σ+σ−) for
qubit S was given by ε(t) = ω0ρS11(0)q(t), the information
backflow is also accompanied by the energy backflow.
In this paper, we will show that the direction of information
flow between the system and the reservoir is also intimately
related to the variation tendency of the GQDs. Particularly, the
non-Markovianity of the dynamics can be detected efficiently
by tracking the evolution of the GQDs.
3IV. CONNECTION BETWEEN ENHANCEMENT OF
GQDS AND DIRECTION OF INFORMATION FLOW
We consider two qubits being prepared initially in pure state
of the following form
|Φ〉 = α|10〉+
√
1− α2|01〉, (16)
for which the two-qubit density matrix ρ(t) is given by
ρ(t) =


0 0 0 0
0 α2q(t) αβq(t) 0
0 αβq(t) β2q(t) 0
0 0 0 1− q(t)

 , (17)
where β =
√
1− α2. Clearly, ρ(t) maintains the X form, and
the GQDs are determined by the time-dependent factor q(t).
Moreover, one can show that the three GQDs are independent
of the sign ofα, so we consider in the following only the initial
state |Φ〉 with α > 0.
A. The case of TDD
For ρ(t) in Eq. (17), the TDD can be obtained as
DT(ρ) = 2αβq, (18)
which behaves as a monotonic increasing function of q, except
the trivial cases of α2 = 0 and 1.
This result indicates that if one can engineer spectral distri-
bution of the structured reservoir such that the time-dependent
factor q(t) is increased in certain time intervals, the TDD can
be enhanced, and its maximum is achieved when q(t) reaches
its maximum. Moreover, from Eq. (15) one can see that the
increase of q(t) with time corresponds to the negative Γ(t).
Therefore, for the present case the negative decay rate Γ(t), or
equivalently, the backflow of information from the reservoirs
to the system, is always favorable for enhancing the TDD.
B. The case of HDD
We now turn to consider the HDD. For ρ(t) in Eq. (17), the
eigenvalues of WAB can be derived as
λ1,2 = 2α
2
√
q(1− q), λ3 = 1− 4α2β2q, (19)
the relative magnitudes of which depend on the parameters in-
volved, and thus the analytical solution of DL(ρ) is somewhat
complex. We discuss it via the following two cases.
First, for α2 6 1/3, we have λmax(WAB) = λ3, thus
DL(ρ) = 4α
2β2q, (20)
which increases with the increase of q except the trivial case
of α2 = 0. See, for example, the plots of DL(ρ) versus q for
α2 = 0.1 and 0.3 showed in the left panel of Fig. 1.
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FIG. 1: (Color online) The HDD DL and BDD DB versus q(t) with
different values of the initial state parameter α2.
Second, for α2 > 1/3, we have
DL(ρ) =
{
1− 2α2
√
q(1 − q) if q ∈ [qc1, qc2],
4α2β2q if q /∈ [qc1, qc2],
(21)
where the parameters qc1 and qc2 are given by
qc1,c2 =
(2 − α2)∓ β√3α2 − 1
2α2(1 + 4β4)
, (22)
and qc1 takes the “− ” sign, qc2 takes the “+ ” sign. One can
check that for α2 ∈ (1/3, 0.5), both qc1 and qc2 are larger than
0.5, while for α2 ∈ (0.5, 1), we have qc1 6 0.5 and qc2 > 0.5.
Moreover, for α2 = 0.5, we have qc1 = 0.5 and qc2 = 1.
From Eq. (21) one see thatDL(ρ) is a monotonic increasing
function of q when q ∈ [qc1, qc2] with qc1 > 0.5, and when
q /∈ [qc1, qc2], while it is a monotonic decreasing function of
q otherwise. By combing these with Eq. (22), we summarize
the q dependence of DL(ρ) as follows:
(i) If α2 ∈ (1/3, 0.5], DL(ρ) always behaves as a mono-
tonic increasing function of q, as exemplified by the blue curve
for α2 = 0.5 in the left panel of Fig. 1.
(ii) If α2 ∈ (0.5, 1), DL(ρ) is a monotonic increasing func-
tion of q in the regions q 6 qc1 and q > 0.5, and a monotonic
decreasing function of q in the region q ∈ (qc1, 0.5). See, the
exemplified plot for α2 = 0.7 and 0.9 showed in Fig. 1.
From the above discussion we see that for the initial states
|Φ〉 with α2 6 0.5, the HDD can always be enhanced by the
backflow of information from the reservoir to the system. For
α2 > 0.5, however, the HDD is enhanced by the information
backflow only when q 6 qc1 and q > 0.5, while it is enhanced
with the information loss when q ∈ (qc1, 0.5).
C. The case of BDD
When considering the BDD for the initial state |Φ〉, by writ-
ing the unit vector ~u = (sin θ cosφ, sin θ sinφ, cos θ), one can
4derive the eigenvalues of Λ analytically as
ǫ1,2 = 0,
ǫ3,4 =
1
2
[χ cos θ ±
√
ξ cos2 θ + 4α2q(1 − q)], (23)
where χ = 2α2q − 1, and ξ = 4(1− α2β2)q2 − 4q + 1.
Due to the parameters α2, cos θ, and q involved, the ǫi can-
not be ordered by magnitude in general. But as ǫ3 > ǫ4, solu-
tions of Fmax in DB(ρ) can be obtained by separating α2 into
the following three different regions.
First, for α2 6 1/3, we have
Fmax = 1− α2q, (24)
by combining of which with Eq. (7), one can note that except
the trivial case α2 = 0, DB(ρ) always increases with the in-
crease of q. See, e.g., the exemplified plots for α2 = 0.1 and
0.3 displayed in the right panel of Fig. 1.
Second, for α2 ∈ (1/3, 0.5], we have
Fmax =


1− α2q, if q /∈ [qc3, qc4],
1
2
+
√
α2q(1− q) if q ∈ [qc3, qc4],
(25)
where the parameters
qc3,c4 =
2α∓√3α2 − 1
2α(1 + α2)
, (26)
and qc3 decreases from 0.75 to 1/3, while qc4 increases from
0.75 to 1. Then, in the regions of q < qc3 and q > qc4, Fmax
is decreased by increasing q. In the region of q ∈ [qc3, qc4],
however, the situation is somewhat complicated: if qc3 > 0.5,
which corresponds to α2 ∈ (1/3, 0.382], Fmax is decreased
by increasing q; if qc3 < 0.5, which corresponds to α2 ∈
(0.382, 0.5], Fmax is increased (decreased) by increasing q
when q ∈ [qc3, 0.5] (q ∈ (0.5, qc4]). Thus, the q dependence
of DB(ρ) are as follows:
(i) If α2 ∈ (1/3, 0.382], DB(ρ) always increases with the
increase of q.
(ii) If α2 ∈ (0.382, 0.5], DB(ρ) increases (decreases) with
the increase of q when q < qc3 and q > 0.5 (q ∈ [qc3, 0.5]).
See the blue curve for α2 = 0.5 in the right panel of Fig. 1
Finally, for α2 > 0.5, we have
Fmax =


1
2
+
√
α2q(1− q), if q ∈ [qc5, qc6],
1
2
[1 +
√
γ + 4α2q(1− q)] if q /∈ [qc5, qc6],
(27)
with the parameters qc5 and qc6 being given by
qc5,c6 =
1∓ αβ
2(1− α2β2) , (28)
and qc5 increases from 1/3 to 0.5, while qc6 decreases from
1 to 0.5. Then, by combining this with Eq. (7) one can ob-
tain that DB(ρ) is a monotonic increasing function of q in the
regions q < qc5 and q > 0.5, and a monotonic decreasing
function of q in the region q ∈ [qc5, 0.5]. See the exemplified
plots for α2 = 0.7 and 0.9 in the right panel of Fig. 1.
We summarize the connections between the variation trend
of the BDD and the direction of information flow between
the system and the reservoir as follows: for α2 ∈ (0, 0.382],
the BDD can always be enhanced by the backflow of the pre-
viously lost information, while for α2 ∈ (0.382, 0.5] (α2 ∈
(0.5, 1)), it is enhanced with the information leaking into the
reservoir in the region of q ∈ [qc3, 0.5] (q ∈ [qc5, 0.5]), and by
the information backflow otherwise.
V. EXPLICIT EXAMPLES
In this section, we illustrate through two examples the main
findings of this paper.
A. Lorentzian spectral density reservoirs
The first example we considered is the Lorentzian reservoir
with spectral density of the following form [38]
J(ω) =
1
2π
γ0λ
2
(ω − ω0)2 + λ2 , (29)
where λ denotes spectral width of the reservoir and is related
to the reservoir correlation time via τB ≈ λ−1, while γ0 de-
notes decay rate of the qubit’s excited state in the Markovian
limit of flat spectrum and is related to the qubit relaxation time
via τR ≈ γ−10 .
For this reservoir, the factor q(t) is given by [39]
q(t) = e−λt
(
cosh
dt
2
+
λ
d
sinh
dt
2
)2
, (30)
with d = (λ2 − 2γ0λ)1/2. Then from Eq. (15) we obtain
Γ(t) =
2γ0λ
λ+ d coth dt2
. (31)
It implies that there are temporary appearance of negativeΓ(t)
only when λ < 2γ0, for which the reservoir is said to be non-
Markovian, and the previously lost quantum information may
be fed back into the system again.
By choosing λ/γ0 ∈ [0.02, 1.98], we plotted in Fig. 2 the
parameter regions in which the GQDs can be enhanced. For
the TDD with α2 ∈ (0, 1), HDD with α2 ∈ (0, 0.5], and BDD
with α2 ∈ (0, 0.382], they can always be enhanced by the
backflow information from the reservoir to the system. For the
HDD with α2 > 0.5 and BDD with α2 > 0.382, one can see
that although there are (λ, t) regions (the orange shaded areas)
in which they are degraded by the backflow information, and
regions (the red shaded areas) in which they are enhanced with
the information losing into the reservoir, they are in fact very
narrow. In most of the (λ, t) regions, the temporary flow of
information from the reservoir back to the system can enhance
the values of them.
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FIG. 2: (Color online) Comparison between the direction of in-
formation flow and enhancement of the GQDs in Lorentzian reser-
voirs. For (a), (λ, t) in the cyan shaded regions correspond to neg-
ative Γ(t) which is a signature of information backflow, and the
TDD with α2 ∈ (0, 1), HDD with α2 ∈ (0, 0.5], and BDD with
α2 ∈ (0, 0.382] can always be enhanced. For (b) and (c), the cyan
(red) shaded regions correspond to negative (positive) Γ(t) for which
the HDD (b) and BDD (c) with α2 = 0.7 are enhanced, while the
orange shaded regions correspond to negative Γ(t) but the HDD and
BDD cannot be enhanced.
B. Ohmic-like spectral density reservoirs
The second type of structured reservoir we considered has
the Ohmic-like spectral density of the form [44]
J(ω) = ηωsω1−sc e
−ω/ωc , (32)
where ωc is the cutoff frequency, and η the dimensionless cou-
pling constant. Their inverse are related to the reservoir corre-
lation time τB and the qubit relaxation time τR via τB ≃ ω−1c
and τR ≃ η−1. This reservoir is also said to be sub-Ohmic for
0 < s < 1, Ohmic for s = 1, and super-Ohmic for s > 1.
For the present case, there is no analytical solution for q(t).
In the following, by fixing s = 3 (i.e., we consider the super-
Ohmic reservoir) and ωc = 2ω0, we solved Eqs. (12) and
(15) numerically, and displayed the corresponding results with
η ∈ [0.02, 1] in Fig. 3. From the plots one can see that the in-
formation backflow always induces enhancement of the TDD.
For the HDD and BDD, however, there are very narrow (λ, t)
regions (the orange shaded areas) in which they are degraded
by the information backflow, and very narrow regions (the red
shaded areas) in which they are enhanced by the information
loss. In a wide regime of (λ, t), they are still be enhanced by
the information flowing from the reservoir back to the system.
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FIG. 3: (Color online) Comparison between the direction of informa-
tion flow and enhancement of the GQDs in super-Ohmic reservoirs
with s = 3 and ωc = 2ω0. For (a), (λ, t) in the cyan shaded regions
correspond to negative Γ(t)which is a signature of information back-
flow, and the TDD with α2 ∈ (0, 1), HDD with α2 ∈ (0, 0.5], and
BDD with α2 ∈ (0, 0.382] can always be enhanced. For (b) and (c),
the cyan (red) shaded regions correspond to negative (positive) Γ(t)
for which the HDD (b) and BDD (c) with α2 = 0.7 are enhanced,
while the orange shaded regions correspond to negative Γ(t) but the
HDD and BDD cannot be enhanced.
It should be note that Fig. 3 is plotted with ω0t ∈ [0, 10].
When we extend it to a more wide region, we can find there are
also temporary enhancement of the HDD and BDD with the
information leaking into the reservoirs in the weak-coupling
regime. For other values of ωc, we also found similar connec-
tions between the direction of information flow and enhance-
ment of the GQDs. For concise presentation, we did not plot
the corresponding figures here.
VI. SUMMARY AND DISCUSSION
In summary, we have investigated evolutions of the GQDs
for a pair of qubits interacting independently with their own
zero-temperature bosonic structured reservoirs. The discord
measures we adopted are the well-accepted TDD, HDD, and
BDD. By solving analytically their dependence on a time-
dependent factor q(t) whose derivative determines the non-
Markovian character of the system dynamics, we showed that
the variation trend of the three GQDs are intimately related
to the direction of information flow between the system and
the reservoir. We identified explicitly the family of two-qubit
states for which the considered GQDs can be enhanced by the
information backflow from the reservoirs to the system, and
6states for which the GQDs are enhanced with the information
leaking into the reservoirs.
Moreover, by considering two explicit structured reservoirs
with the Lorentzian and Ohmic-like spectral density distribu-
tions, we showed that although there are regions in which the
information backflow cannot enhance the magnitudes of HDD
and BDD, and there are also regions in which the HDD and
BDD are enhanced by an increase in the amount of informa-
tion lost into the reservoirs, they are all very narrow. In most
of the parameter regions, they are still enhanced by the infor-
mation backflow. In this sense, non-Markovianity which sig-
nifies a backflow of information from the environments to the
system, may be a potential resource deserved to be explored
for designing schemes by which the GQDs of open quantum
systems can be preserved or enhanced.
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